Let X denote a smooth complex projective variety, and S = J^Si C X a normal crossing divisor with smooth components. We consider a polarized variation of Hodge structure VQ is generated by global sections on X.
ON THE NEGATIVITY OF KERNELS OF KODAIRA-SPENCER MAPS ON HODGE BUNDLES AND APPLICATIONS*
KANG ZUO* Let X denote a smooth complex projective variety, and S = J^Si C X a normal crossing divisor with smooth components. We consider a polarized variation of Hodge structure VQ on XQ = X \ S and the period map 0 : XQ -> V/T corresponding to VQ. THEOREM 0.1. Suppose that 0 is injective at some points. Let D C XQ denote the degeneration locus of <f). Then i) tlxtfogS) is weakly positive on XQ\D in the sense of Viehweg [VI] , [V3] is generated by global sections on X.
ii) the Kodaira dimension of detflx^logS) is equal to dimX. i.e. (X,5) is of logarithmic general type.
Viehweg recently asked that if the cotangent bundles of moduli varieties of polarized varieties with log-pole along infinity are positive in some sense. It is well known that the moduli space of curves of genus g > 1 has the semi-positivity property. Theorem 0.1 shall give a positive answer to this question in the case when some Torelli map on the universal family is locally injective. It is extremely very interesting to know if that will still be true without existence of locally injective Torelli maps at all! In particular, Theorem 0.1 recovers the following two special cases, which were known previously. Let XQ = an arithmetic variety V/T, and X is a smooth compactification of XQ. Then Mumford [M] proved that (X, 5) is of logarithmic general type by using automorphic forms, which was studied in [BB] . Recently, Luo [L] showed that the moduli spaces of polarized Calabi-Yau manifolds are of log general type. Luo used the method in [SY] and the general Schwarz lemma of Yau [Y] . Our method here is essentially semi-positivity of n^-(logS), and Kawamata-Viehweg vanishing theorem. The author believes that one can also use the methods of [SY] and [Y] 
to prove ii).
Inspired by a recent paper of Bedulev-Viehweg [BV] Jost and the author [JZ] recently proved similar inequalities, the so called Arakelov type inequalities for Hodge bundles over curves (also see [P2] ). The inequalities states that the degree of Hodge bundles are bounded above by the degree of the log-canonical bundles of the curve C multiplies some constants, which depends on the Hodge type of E only, i.e.
degE™ < r p > q {2g{C) -2) + #5).
Those inequalities recover the original Arakelov inequality for families of semistable algebraic curves over curves [A] . And they also improve the Faltings inequality for families of semi-stable abelian varieties over curves [F] . Here we have Arakelov-type inequalities for Hodge bundles over any dimensional varieties. THEOREM 0.2. Under the same assumption as in Theorem 0.1, and suppose that the monodromy around the components of S are unipotent. Let (E, 9) denote the canonical extension of (i?o,0o In his paper [Gl] Griffiths defined the so-called canonical bundle K{EQ) of the variation of Hodge structure Vo by:
where ($EQ A is the system of Hodge bundles corresponding to VQ (see below). Griffiths showed that the curvature form of K(E) is positive semi definite, and is positive definite at those points, where the period map is injective. If the monodromies around the components of 5 are unipotents. Then, there is a canonical extension ®£ p ' 9 on X (see below). Hence, a canonical extension K(E), such that K(E) is nef and big. Applying Theorem 0.2 we obtain the following inequality, which shall be consider as an algebraic geometry version of Yau's Schwarz inequality COROLLARY 0.3. After a blowing up r : (X,S) -> (X,S) there exists a positive rational number r, which is bounded above by the Hodge type of VQ, an effective Q-divisor P and a semi-negative Q-divisor N on X such that K(T*E) = r det r*^(log5) -P + N.
In particular, ^ (K(r*E) -N) is a nef and big invertible sub-sheaf of detT*n^(log5).
REMARK. The inequality in Cor. 0.3 still holds on the curvature level. So, we may regard this inequality as an effective and geometric version of Griffiths-Schmid's theorem [GS] . Namely, the holomorphic sectional curvature of the horizontal subbundle is strictly positive. QUESTION (Viehweg) Does the difference rdetr*fi^(logS) - K(T*E) have any geometric meanings?
The main idea in the proof of Theorem 0.1 and 0.2 is the negativity of kernels Kodaira-Spencer maps on Hodge bundles, which we are going to describe. A By works due to Deligne, Griffiths and Schmid the vector bundle Vo = Vo (8) OXQ can be extended over X as vector bundles, the Gauss-Manin flat connection has regular singularities along S and the Hodge filtration FQ can be extended as a filtration of coherent sheaves over X. In the case when the monodromy around the components of S are unipotent, then there is a canonical extension V of Vo, FQ is extended as a filtration F of vector bundles over X [Sch] and 6 has at most logarithmic pole along S. The canonically extended system of Hodge bundles will be denoted by (£»0) = (0 JS M , 0 0 p ' 9 ), ^(E^C^-^+^ft^logtS)).
Prom the general fact, K(6 Pjq ) C E Piq are sub-bundles in the complement of some subvariety of X of codimension > 2 except some obvious cases. For example, we have trivially
A prototype of the negativity of K(8 p ' q ) is a theorem of Griffiths [Gl] , who showed that the curvature form of E 0 ' is negative semi definite. In the case when the monodromies around the components of 5 are unipotent, by using this curvature property and variations of mixed Hodge structures Fujita [Fu] for dim X = 1 case, and Kawamata [Kal] for dimX > 1 case showed that E 0 > k is semi negative in the algebro-geometric sense. In fact, they showed that E k ' 0 (~ E 0,kv ) is semi positive. Namely, let / : C ->> X be a morphism from a smooth projective curve into X, Then the degrees of any invertible quotient sheaves of /*(jE fc ' 0 ) are non negative. In the case when the monodromy around S are not unipotent, one has to be careful on which extension will be taken.
The same principle will be exploited in the proof for the semi-negativity of subbundles N C K(6 p ' q ). By using the GrifRths formula for the curvature form of the Hodge metric on EQ [G2] and the extra property that 9 p > q (N) = 0, one shows that the curvature form of N\x 0 of the Hodge metric is negative semi-definite. On the boundary S one has the similar situation as on XQ. The intersection of different components gives rise a stratification 5 = U/5/. The residue of 6 on Sj induces a filtration on iVls,, such that each component in the grading again lies in the kernel of the Kodaira-Spencer map on the system of Hodge bundles induced by variation of mixed Hodge structures. In the case when the local monodromies around the components of S are unipotent, a Theorem of Kollar ([K] In order to apply Theorem 1.2 to the semi-positivity of fi,x(logS) we consider the induced VHS on the endomorphism End(Vo) and the corresponding system of Hodge bundles of weight k = 0.
The Kodaira-Spencer map 0 : E -> E ® fi^(log5) induces a sheaves map Consider X \ S as a moduli variety of polarized varieties, carries a universal family, and such that some Torelli map on the family is locally injective. Let / : (Z, 5') -> (X, 5) be a morphism. A deformation ft of /, such that ftiS') C 5 can be thought as a deformation of the family of polarized varieties over Z with the fixed discriminant 5'. This gives rise a section s : Oz -*• /*(Tx(-logS)). By Theorem 1.2 and Prop. 2.1 we recover Faltings theorem on deformations of families of polarized abelian varieties [F] , and the theorem due to Jost-Yau and Peters on deformations of period maps [JY] , [PI] . 
of coherent sheaves can be realized as the 0-te topology cohomology classes in H^e tti (Z, /*EndVo) of the local system /*End(Vo). We may ask a further question, if for any q the image
can also be interpreted as a sub-space of H% etu {Z^ /*EndVo)? Here we have an answer for the projective case. (Z,rEnd(Vo) ).
The proof of Theorem 0.5 is just to use Prop. 2.1 and Simpson's three descriptions for the cohomology of a local system. Namely, (Z,r(E,d)) via harmonic forms.
Conjecturaly, Theorem 0.5 shall till be true for the quasi-projective case. If dimX = 1, then Theorem 0.5 should follow from Zucker's theorem [Z] . For higher dimensional quasi-projective varieties one needs to work out Simpson's three descriptions for cohomology of local systems (or a better formulation: the intersection cohomology of local systems) via L 2 -harmonic forms. Of course, the theorems in [CKS] for degeneration of Hodge structures will certainly come into play.
Theorem 0.5 and its general form has the following potential application for deformations of subvarieties in moduli spaces of polarized varieties. In order to explain the idea we just consider the moduli space / : A -» Mo of polarized abelian varieties with a universal family. Let g : (Z, S') -> (M, S) be a morphism and / : A\z -> Z the pulled back family. In their paper [SZ] Saito and Zucker asked the following question. To understand those infinitesimal log-deformations of {Z,S'), which underly projective deformations of {A\z' ) /"HS")) as a fibre space. It is the same thing to ask that when an abstract log-deformation of (Z, S') will underly a deformation of the triple g : (Z,S") -> (Af,5). Consider the VHS S 2^1 /*^)-Th en the tangent bundle of M with log-zero along S is identified with the last Hodge bundle 5 2 i? 1 /*(0^) of S 2 R l /*(C W 4). The morphism between tangent sheaves reads
A calculation in [SZ] shows that the obstruction for an abstract log-deformation of {Z,S') underlying deformation of (.Alzj/ -1^' )) as a fibre space lies in
Assuming Theorem 0.5 is true for the quasi projective case. Then this obstruction lies further in H^ifr&tfMCMz)) C tfW^Endoti? 1 /*^)). then any infinitesimal log-deformation of (Z, S') underlies a projective deformation of (A, /~1(iS")) as a fibre space.
The same statement for global deformations was recently proved in [JLZ] . It is, in fact, a statement about variations of Hodge conjecture in the non-abelian case. Before we finish this section, we would like ask: QUESTION. Let </> : XQ -> V/T be a locally injective period map corresponding to a VHS VQ. Suppose that for any morphism / : Co -» XQ, such that the composition 0/ : Co -4 V/T is non-constant, there exists no endomorphism of (-1,1)-type twisted by a unitary local system on the underlying local system of /*Vo. Is n^(logS) big on some non-empty Zariski open subset U C XQ ?
Here the bigness of n^(log5) on U (see [V3] ) means that for any line bundle M over X there exists some 7 >> 0, such that
weakly positive on U It is easy to see the converse direction of this question is true. Suppose VQ arises from the geometry situation, Viehweg recently asked if some extra geometry properties on the fibres shall force fix (log 5) to be big. For example, the contangent bundle along the fibres is big. On the other hand, the existence of a (-1,1)-type endomorphism on R k f*(CY 0 ) implies that this VHS splits over C of some very special types. It would be interesting to see if this property has any consequence to the geometry on the fibres. A part of this paper was written down during my visit in the Institute of Mathematics and Sciences of the Chinese University of Hong Kong in the summer 1999. I would like to thank Prof. S-T. Yau for very interesting discussions on this subject. This paper is highly inspired by his general Schwarz inequality. I would also like to thank him for the hospitality of the institute. During the preparation of this paper, the author was supported by a Heisenberg fellowship of the DFG.
1. Negativity of kernels of Kodaira-Spencer maps. Let X denote a smooth complex projective variety, and 5 C X a normal crossing divisor with smooth components. For the convenience of the readers we give a short review on variation of Hodge structure (see [Sch] We set (Ecflo) = (® E™, 0 6™).
p+q=k p+q=k
The Hodge bundles satisfies the following Riemman-Hodge bilinear relations
The so-called Weil operator C : EQ -> EQ is defined by
The Hermitian form h (u,v) := Q(Cu,v) is positive definite and defines the so-called Hodge metric h on EQ.
Suppose that the local monodromy around each component of 5 is unipotent. By works of Deligne and Schmid there is a canonical extension V of Vo, FQ is extended as a filtration F of vector bundles over X, and 8 has at most logarithmic pole along 5. This extension is locally described as follows: Let s = J2i fi s i be a single-valued section of of Vo, where /* are multi-valued holomorphic functions and Si are multivalued flat sections of VQ. Then s can be extended over S to a local section of V if and only if every fa has at most logarithmic singularities along S. This canonically extended system of Hodge bundles will be denoted by 
Proof of i).
Let h denote the Hodge metric on the system of Hodge bundle (25o,0), and Q(Eo,h) the curvature form of (25o,/i). By [G] we have e(Eo,h)+6Ae h + 6 h A6 = 0, where 6h is the complex conjugation of 8 with respect to h. 
Proof of ii).
The main idea here is similar to Kawamata's proof for E k > 0 [Kal] . There he used the weight filtration of the monodromy around 5, and showed that E k ' 0 is semi positive. Here we shall prove the semi negativity of the kernels of Kodaira-Spencer map on the Hodge bundles. Since they are algebraic subsheaves of Hodge bundles, we have to use the following weight filtration defined by ress0. The underlying spaces of those two filtrations are the same. But, they have different holomorphic structures in general.
It is a 9-invariant filtration Wb,...,o l ...,o C ... C Wi lf ...,j mf ...,/ #/ C Wi 1 ,... j j m+ i f ... > j #7 C ... C W2k,...,2k t ...,2k = Elsj, such that the grading together with descent 0 forms a direct sum of systems of Hodge bundles corresponding to the polarized VHS on 5/ induced by variation of mixed Hodge structure along 5/.
First of all we shall review the notion of variation of mixed Hodge structure (VMHS) and the systems of mixed Hodge bundles corresponding to them. The following discussion on mixed Hodge structure can be found in [Sch] , [CKS] and [Kal] .
We write / = {n, Z2, ...,«#/} with the fix chosen order ii < zj +1 The VHS He on X \ S induces a VMHS on 5/ inductively (it depends on the order that we have chosen).
Start with I = {i}. Let ji denote a short loop around Si. One has the unipotent matrix p( li ) = I + N i eGL(V), N* +1 =0.
There exists a unique filtration [Sch] Wo
is an isomorphism, for each I > 0.
If I > jfe, let V} C Gri(V) denote the kernel of
Nl-WiGilW^GiU^iV)
and set Vi = 0 if / < 0. Then one has the so-called primitive decomposition
The isomorphism above is then an isometry, and the decomposition above is then orthogonal with respect to this bilinear form.
Let Ui denote a tube neighborhood of Si in X. Then this weight filtration gives rise a filtration of flat sub-bundles of Vo|£/;\s*> s^nce ^ commutes with p\ui\Si' Vo has a canonical extension V over X, locally described as follows. 
.cwi k = v\ Un
such that the induced Gauss-Manin connection on GrftVlu^Si) extends to a holomorphic integrable connection on Gr^Vlc/J. There is a way to describe local flat sections of GrJ(V|c/.).
Let Ux C X be a small neighborhood of x 6 S';, and u be a multi-valued flat section of W/j^^. The multi-valued property of u is exactly caused by the nilpotent part Ni of the unipotency matrix p(ji) = I + Ni. Since Ni(Wi) C ^(^-2)5 ^e action of p(7i) on Gr^Vlc/^sJ is identity. Hence u projects to a single valued flat section u of GrJ(V|t/ :c \ l 9 i ), which extends to a flat section of Gr^Vl^). Qj also extends to a flat bilinear form on Gil(V\ui)j which will be again denoted by QJ.
Moreover, W. Schmid showed that the Hodge filtration {FQ } has an extension
such that {F p } , {Wf} and together with Q] define a variation of polarized mixed Hodge structures on V^. i.e. the projection of {F p } to Gr^V^J defines a direct sum of VHS on the components of the primitive decomposition of Gr^VlsJ, and those VHS are polarized by the bilinear form Q^. Now let / = {ii, 22}, we consider two components of 5. Let 7^, ji 2 be the two short loops around 5^, Si 2 and N^, Ni 2 the nilpotent parts in ^(7^, p(7i 2 respectively. Since iV^ and Ni 2 commute, the property of the weight filtration of iV^ in i) is preserved by 
Let t/f^ia denote a tube neighborhood of 5: 1? f 2 in S^. Then we just repeat the above discussion again here. The weight filtration {W/ 1 '/ 2 } defines a filtration of flat sub-bundles of GrJJ(V)|c/ t . ji2 \5 tlit -, and extends to a filtration of sub-bundles on GrJ^V)!^ ft . such that the Gauss-Manin connection V induces a holomorphic integrable connections on the quotient In our situation res^tf is automatically nilpotent, and (ress-fl)* 5 "*" 1 = 0. So, it defines a weight filtration on Elsi
. C W 2k (E\s i ) = E\s n
which is preserved by the action of 0^. Simpson [S2] showed that this weight filtration is the same as the weight filtration corresponding to the nilpotent part of the local monodromy around Si. So, this filtration is a filtration of sub-bundles. Denote GrJ(S) = W^Elsi)/Wi-.i(E\s i ), one also has a primitive decomposition Grj(S) = 0(re S 5 i^( n, 2j ). is a direct sum of systems of Hodge bundles corresponding to the polarized VHS on the primitive decompositions of the components of the grading Now let AT C E p > q be a sub-bundle and 9(N) = 0. We consider the grading G I ii,...,im,:.,i#i(N\si) of the filtration restricted to iV. It is contained in the kernel of loc5 J^. Applying the same argument in i) to this grading we prove ii). 
JZ JZo
We consider now the general case. Suppose that f(Z) C 5/ and f(Z) <£ r\j D iSj. We pull back the weight filtration of ress I 9 to Z, and enlarge it to a filtration 
Jz Jz
Suppose that ci(N)L dimZ~1 = 0 for some ample line bundle L. We consider first a special case, where f(Z) (jL S. we shall show that the Curvature form on /*iVo vanishes. Let C be a smooth projective curve of the complete intersection of sections of the linear system |mL|. Since the first Chern form of f*N\c 0 is negative semi definite and represents the first Chern class of /*iV|c, this Chern form vanishes. By choosing different curve C passing through any point in Z and along any direction, we show that the first Chern form of /*iVo vanishes. This implies that the curvature form on /*iVo of the Hodge metric h vanishes. Hence, the Gauss-Manin connection restricts a flat ft-connection on on f*No.
Suppose now f(Z) C 5/ for some J, and <£ HJ^JSJ, then by the same argument as above we show that the same property holds for the grading Gr(iV) of the pulled back weight filtration of the residue of 6 on 5/. Theorem 1.2 is proved.
Semi positivity of parameter spaces of Hodge structures. Let ^ :
XQ ->• 22 denote the equivariant holomorphic map from the universal cover XQ into the classifying space of polarized Hodge structures corresponding to a VHS VQ with the system of Hodge bundles (EQ, 6Q) . The differential of (j) induces a sheaves homomorphism
d^ : T Xo -* PT-D-
We have the following Hodge-theoretical description for d4> [Gl] and [Sch] . Let VR denote the real vector space of the fibre of the local system at XQ with the Hodge filtration
The orthogonal group of the bilinear form Q is a linear algebraic group defined over E
The group of its C-points
The Lie algebra gc of Gc is then
The quotient space P = GR/GR n B, where B = {g e Gc\gFg = F p Since the Hodge structure is functorial, the dual space V^f is equipped naturally a Hodge structure of weight -k by 2#:= 0 Ef
where E v^q =£-*>'>-%.
If the Hodge structure on VR is polarized by a bilinear form. Then this bilinear form induces naturally a bilinear form on V^jf which polarizes the Hodge structure ony R v .
Further more, these two Hodge structures on Vfc and on V^ induces a Hodge structure on End(Vc)
The product of the polarizations on Vfe and on V$f gives the polarization on VR (8) Vj^. The Lie algebra gu of GR is then In the general, by [Sch] the monodromies around the components of S are unimodular. i.e. the norms of the eigenvalues of the monodromy matrix are equal to 1. In this case, one still extensions is generated by the global sections on X.
Since by take the direct image of TT we get that
S^(^(logS))|; fVD ®Z7<
3 is generated by global sections on X. We proved i) in Theorem 0.1 for the unipotent case.
We shall now prove i) in Theorem 1 for the general case. By [Sch] the system of Hodge bundles 9o:Eo^Eo® n^0 has an extension as a system of Hodge coherent sheaves
0:£-» E®Qx(logS).
After a blowing up at a subvariety of 5, we get an extension of system of Hodge bundles. This gives rise a map
Tx(-logS)-+End(E).
We claim that the sub-sheaf Tx(-logS) ->• End(E) is generated by those local sections, whose Hodge norms have at most logarithmic singularities on 5. 
(logS).
This means that the extended Kodaira-Spencer map preserves the polynomial growth condition of local sections in E. Hence, the sub-sheaf Tx(-log 5) -> End(E) must be generated by those local sections of End(E), whose Hodge norms have at most logarithmic singularities on 5.
Now the argument in the proof of Theorem 5.20 in [K] can be still applied to this sub-sheaf Tx(-log 5) -> End(i£). So, we also prove i) in Theorem 0.1 for the general case by the same argument as in the unipotent case. Proof Since by Prop. 2.1 and i) in Theorem 1 the first Chern form of T\x with the restricted Hodge metric is negative semi definite, we only need to show that this first Chern form of T is strictly negative at some point in XQ. The main idea here is to apply Griffith-Schmid's theorem that the holomorphic sectional curvature in the horizontal directions is strictly negative [GS] .
Proof of ii) in
Suppose that dcj) is injective at some point XQ € XQ. Then there exists an analytic open neighborhood U of XQ, such that 0 : U -» V is an embedding.
Let W = (t>{U). We have Tx\u = ^It/, and Tx\u together with the Hodge metric is the pulled back of the tangent bundle TV together with the universal Hodge metric via (j). Let Q{Tx\u) denote the curvature form of Tx\u of the Hodge metric and Q(Tw) denote the curvature form of TV with the universal Hodge metric. Then we have e(Tx\u) = <f>*mTw))-By Prop.1.1 the Hermitian form (Q(Tx\u),v,v) is negative semi definite for any holomorphic tangent vector v E TxUo-^ order to show it is strictly negative definite, we only need to show that at least one eigenvalue of (©(TXILOJ ^ ^) ' IS strictly negative for v ^ 0.
We shall show at least one eigenvalue of (©(TV),^,^) is strictly negative for any u ^ 0 £ TV|t/o-By a theorem due to GrifRth-Schmid [GS] 
Jx
Lemma 2.2 is proved.
We are in the position to prove ii). By the proof for i) in Theorem 1 detT v is nef, and by Lemma 2.2 (detT v ) n > 0. Hence, by , [V2] ,3.2) the Kodaira dimension of detT v is equal to dimX. Since the quotient of T^(-log5) C T i s a torsion sheaf, we get a non zero sheaves homomorphism detT v -> detfi 1^ (log 5). Hence, the bigness of detT v implies the x bigness of detfi^(log5). Note that the Kodira-dimension of (X, 5) is a birational invariant, we prove ii) in Theorem 0.1.
Arakelov inequalities for Hodge bundles.
In this section we shall prove Theorem 0.2. First we review some basic facts from representation theory [FH] . Let V and W be two vector spaces of dimF = m, and dim W = n. Then one has where E>\V respectively ^>\'W, is an irreducible representation of GL(V) respectively an irreducible representation of GL(W). The sum over partitions A with at most dim V rows and at most dim W columns in the associated Young diagram. And A' is the conjugate of A, which is defined by interchanging rows and columns of A. It is known that the representation SA^ can be realized as a GL(V)-invariant subspace of a tensor product V® 1 , which depends on A. One can do the same thing for vector bundles (see [B] ). Now, we do one step further. Let iV C E be a sub-bundle of a system of Hodge bundles (E,9) corresponding to a VHS V, and 0(N) = 0. Then by taking the representation §A(V), we obtain the system of Hodge bundles corresponding to this representation (S\E, §\0), which has the property S\N C S\E and S\ (6) After a successive blowing up r : X -> X we may assume that all T v , //, Ki are vector bundles.
By the additivity of divisors of determinant line bundles in short exact sequences, to prove Theorem 0.2 is enough to show that it holds on X det Ii = n det fi^ (log 5) -Pi + Ni and det Ki = r{ det fi^ (log 5) -P/ + JV/ for some positivie rational numbers r/, r^, which are bounded above by the Hodge type of E, and some semi negative Q-divisors A'/, N[ and some effective Q-divisors Pi, PI- Since for some large /, we have eventually // = Ki and again by the additivity of divisors of determinente line bundles in short exact sequences we only need to show the second equality. 
